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magnetic Reynolds numberAbstract A theoretical analysis is performed to study induced magnetic ﬁeld effects on free con-
vection ﬂow past a vertical plate. The x-axis is taken vertically upwards along the plate, y-axis nor-
mal to the plate into the ﬂuid region. It is assumed that the plate is electrically non-conducting and
the applied magnetic ﬁeld is of uniform strength (H0) and perpendicular to the plate. The magnetic
Reynolds number of the ﬂow is not taken to be small enough so that the induced magnetic ﬁeld is
taken into account. The coupled nonlinear partial differential equations are solved by Perturbation
technique and the effects of various physical parameters on velocity, temperature, and induced mag-
netic ﬁelds are studied through graphs and tables. Variations in Skin friction and rate of heat trans-
fer are also studied. It is observed that an increase in magnetic parameter decreases the velocity for
both water and air. It is also seen that there is a fall in induced magnetic ﬁeld as magnetic Prandtl
number, and magnetic ﬁeld parameter increase.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Induced magnetic forces modify the free stream ﬂow and this
in turn, affects the external pressure gradient or the free stream
velocity that is imposed on the boundary layer. From the tech-nological point of view, MHD free-convection ﬂows have great
signiﬁcance for the applications in the ﬁelds of Stellar and
Planetary magnetospheres, Aeronautics, Chemical engineer-
ing, and Electronics. The effect of magnetic ﬁeld on free con-
vection ﬂow of electrically conducting ﬂuid past a plate
studied by many investigators [1–12]. MHD double diffusive
and chemically reactive ﬂow through porous medium bounded
by two vertical plates was studied by Ravikumar et al. [13].
Effect of aligned Magnetic ﬁeld on unsteady ﬂow between a
stretching sheet and oscillating porous plate with constant suc-
tion was studied by Reddy et al. [14]. Hydro magnetic Flow
and Heat Transfer of a Heat-Generating Fluid over a Surface
Embedded in a Porous Medium was considered by Chamkha
Nomenclature
Cp speciﬁc heat at constant pressure (J kg
1 K)
Ec Eckert number (–)
g acceleration due to gravity (m s2)
Gm mass Grashof number (–)
Gr thermal Grashof number (–)
H induced magnetic ﬁeld (–)
H0 uniform magnetic ﬁeld (–)
Hx induced magnetic ﬁeld along x-axis (–)
J current density (–)
M Hartmann number (–)
Pr Prandtl number (–)
Prm magnetic Prandtl number (–)
T temperature (K)
TW ﬂuid temperature at the surface (K)
T1 ﬂuid temperature in the free stream (K)
u velocity component in x-direction (m s1)
U0 dimensionless free stream velocity (m s
1)
v0 suction velocity (m s
1)
Greek symbols
b coefﬁcient of volume expansion due to tempera-
ture (K1)
l0 magnetic diffusivity (–)
v kinematic viscosity (m2 s1)
j thermal conductivity (W m1 K1)
q Density (kg m3)
r electrical conductivity (S m1)
h dimensionless ﬂuid temperature (K)
Sub scripts
w condition at the wall
1 free stream conditions, primes denote dimensional
quantities
334 M.C. Raju et al.[15]. In their study Takhar et al. [16] investigated an unsteady
ﬂow and heat transfer on a semi-inﬁnite ﬂat plate with an
aligned magnetic ﬁeld. Chamkha and Subaie [17] considered
the effects of heat generation or absorption on hydrodynamic
buoyancy induced ﬂow of a particular suspension through a
vertical pipe. The study of ﬂow through porous medium ﬁnds
application in geophysics, agricultural engineering and tech-
nology. Further the free convection ﬂow in enclosures has
become increasingly important in engineering applications in
recent years due to fact growth of technology, effecting cooling
of electronic equations ranges from individual transistors to
mainframe computers and so on. Heat and mass transfer for
Soret and Dufour’s effect on mixed convection boundary layer
ﬂow over a stretching vertical surface in a porous medium
ﬁlled with a viscoelastic ﬂuid was studied by Hayat et al.
[18]. Makinde and Mhone [19], considered heat transfer to
MHD oscillatory ﬂow in a channel ﬁlled with porous medium.
Magyari et al. [20] found analytical solution for unsteady free
convection ﬂow through porous media. Unsteady MHD con-
vective heat transfer past a semi-inﬁnite vertical porous mov-
ing plate with variable suction was studied by Kim [21].
MHD ﬂow with slip effects and temperature-dependent heat
source in a vertical wavy porous space was investigated by
Srinivas and Muthuraj [22].
Analytical solutions to the problems of mixed convective
ﬂows, which arise in ﬂuids due to the interaction of the force
of gravity and the density difference caused by the simulta-
neous diffusion of thermal energy and chemical species, have
been presented by many authors due to their applications in
geophysics and engineering. The problems of steady and
unsteady mixed convection ﬂows were studied by many
authors. Savic and Steinruck [23] studied mixed convection
ﬂow past a horizontal plate. Mixed convection over a horizon-
tal plate: self-similar and connecting boundary layer ﬂows were
investigated by Steinruck [24]. Siddiqa1 and Hossain [25], con-
sidered mixed convection boundary layer ﬂow over a vertical
ﬂat plate with radiative heat transfer. Analysis of fully devel-
oped opposing mixed convection between inclined parallel
plates was studied by Lavine [26]. Bhattacharya et al. [27]investigated a similarity solution of mixed convective bound-
ary layer slip ﬂow over a vertical plate. Raju et al. [28], consid-
ered MHD convective ﬂow through porous medium in a
horizontal channel with insulated and impermeable bottom
wall in the presence of viscous dissipation and Joule heating.
The problem of combined effects of heat absorption and
MHD on convective Rivlin-Ericksen ﬂow past a semi-inﬁnite
vertical porous plate with variable temperature and suction,
was studied by Ravikumar et al. [29].
 The above studies on convective heat transfer phenom-
ena in different ﬂow geometries in the presence of a
magnetic ﬁeld have been limited to the case when the
induced magnetic ﬁeld is not taken into account. This
is due to the fact that the mathematical description as
well as solution of such problems involves some less
effort.
 Thus, the main aim of this paper is to present the fully
developed viscous dissipative, magneto hydrodynamic,
steady free convective heat transfer ﬂow over an inﬁnite
vertical porous plate in the presence of induced mag-
netic ﬁeld.
 The magnetic Reynolds number of the ﬂow is not taken
to be small enough so that the induced magnetic ﬁeld
cannot be neglected.2. Mathematical formulation
The two-dimensional steady magneto-hydrodynamic mixed
convective heat transfer ﬂow of a Newtonian, electrically-con-
ducting, viscous incompressible ﬂuid over a porous vertical
inﬁnite plate with viscous/magnetic dissipation of energy has
been considered. The x-axis is taken vertically upwards along
the plate, y-axis normal to the plate in the ﬂuid region. It is
assumed that the plate is electrically non-conducting and the
applied magnetic ﬁeld is of uniform strength (H0) and perpen-
dicular to the plate (see Fig. 1). The magnetic Reynolds num-
ber of the ﬂow is taken into consideration, so that the presence
Fig. 1 Physical conﬁguration and coordinate system.
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long enough in x-direction for the ﬂow to be parallel. Let
(u; v; 0) be the ﬂuid velocity and ðHx; Hy ; 0Þ be the magnetic
induction vector at a point ðx; y; zÞ in the ﬂuid. Since the plate
is inﬁnite in length in x-direction, therefore all the physical
quantities except possibly the pressure are assumed to be inde-
pendent of x. The wall is maintained at constant temperature
TW higher than the ambient temperature T1. All the gas prop-
erties are considered constant except that the inﬂuence of den-
sity variation with temperature has been considered only in the
body force term. The plate is subjected to a constant suction
velocity. The equation of conservation of electric charge is
r Æ J= 0, where, J= (Jx,Jy,Jz). The direction of propagation
is considered only along the y-axis and does not have any var-
iation along the y-axis and so
@Jy
@y
¼ 0, which gives Jy = con-
stant (see Ahmed [6,9]).
Under above assumptions the ﬂow is governed by the fol-
lowing x-momentum equation.
m
@u
@y
¼  1
q
@p
@x
 gþ m @
2u
@y2
þ l0H0
q
@Hx
@y
ð1Þ
The ﬁrst term in RHS of Eq. (1) shows the mixed convec-
tion term. It is assumed that the velocity gradient is very small
and hence the viscous term in the above equation is vanished.
Therefore at the absence of induced magnetic ﬁeld we may
have
@p
@x
¼ q1g ð2Þ
Eliminating the pressure from Eqs. (1) and (2), and by using
the Boussinesq approximation q1  q ¼ q1bðT T1Þ, Eq.
(1) takes the following form
m
@u
@y
¼ gbðT T1Þ þ m @
2u
@y2
þ l0H0
q
@Hx
@y
ð3Þ
Similarly the equations of energy and magnetic induction
are given below respectivelym
@T
@y
¼ j
qCp
@2T
@y2
þ m
Cp
@u
@y
 2
þ 1
rqCp
@Hx
@y
 2
Q @
@y
ðT1  TÞ ð4Þ
m
@Hx
@y
¼ 1
rl0
@2Hx
@y2
þH0 @u
@y
ð5Þ
The boundary conditions are:
y ¼ 0 : u ¼ 0; m ¼ m0; T ¼ TW; Hx ¼ 0
y!1 : u! U0; T! T1; Hx ! 0
ð6Þ
The non-dimensional quantities are:
y ¼ m0y
m
; u ¼ u
U0
; h ¼ T T1
TW  T1
;
Pr ¼ qmCp
j
; Gr ¼ mgbðTW  T1Þ
U0m20
;
H ¼
ﬃﬃﬃﬃﬃ
l0
q
r
Hx
U0
; Ec ¼ U
2
0
CpðTW  T1Þ
;
Prm ¼ rml0; M ¼
ﬃﬃﬃﬃﬃ
l0
q
r
Hx
m0
; Q ¼ Q

v0
ð7Þ
Using the transformations (7), the non-dimensional govern-
ing equations in sets of Ordinary differential equations are as
follows:
d2u
dy2
þ du
dy
þMdH
dy
¼ Grh ð8Þ
d2h
dy2
þ Pr dh
dy
¼  ECPr du
dy
 2
þ ECPr
Prm
dH
dy
 2 !
þQdh
dy
ð9Þ
d2H
dy2
þMPrm du
dy
þ Prm dH
dy
¼ 0 ð10Þ
The corresponding boundary conditions are:
u ¼ 0; h ¼ 1; H ¼ 0 at y ¼ 0
u! 1; h! 0; H! 0 as y!1 ð11Þ
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Fig. 2 Induced magnetic ﬁeld proﬁles for different M when
Prm = 0.1; Pr = 0.71; Gr= 5, Q= 0.1.
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336 M.C. Raju et al.3. Method of solution
In order to solve the Eqs. (8)–(10) under the boundary condi-
tions (11), we note that EC 1 for all incompressible ﬂuids and
it is assumed the solutions of the equations to be of the form,
uðyÞ ¼ u0ðyÞ þ ECu1ðyÞ þO E2C
 
; ð12Þ
hðyÞ ¼ h0ðyÞ þ ECh1ðyÞ þOðE2CÞ; ð13Þ
HðyÞ ¼ H0ðyÞ þ ECH1ðyÞ þO E2C
  ð14Þ
We now substitute Eqs. (12)–(14) into Eqs. (8)–(11) and
equating the coefﬁcients of the same degree terms and neglect-
ing terms of O E2C
 
, the following Ordinary differential equa-
tions are obtained.
u110 þ u10 ¼ MH10  Grh0 ð15Þ
u111 þ u11 ¼ MH11  Grh1 ð16Þ
h110 þ ðPr QÞh10 ¼ 0 ð17Þ
h111 þ ðPr QÞh11 ¼ Pr u10
 2  Pr
Prm
H10
 2 ð18Þ
H110 þ PrmH10 ¼ MPrmu10 ð19Þ
H111 þ PrmH11 ¼ MPrmu11 ð20Þ
The boundary conditions reduce to
u0 ¼ 0; u1 ¼ 0; h0 ¼ 1; h1 ¼ 0; H0 ¼ 0;
H1 ¼ 0 : at y ¼ 0
u0 ¼ 1; u1 ¼ 0; h0 ¼ 0; h1 ¼ 0; H0 ¼ 0;
H1 ¼ 0 : as y!1
ð21Þ0 1 2 3 4 5 6 7 8
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Y3.1. Skin friction
The boundary layer produces a drag force on the plate due to
the viscous stresses which are developed at wall and is deﬁned
by
s ¼ @u
@y
 
y¼0
¼ u10ð0Þ þ Ecu11ð0Þ ð22ÞFig. 3 Induced magnetic ﬁeld proﬁles for different Prm when
Pr = 0.71; Gr= 5; M= 0.25, Q= 0.1.3.2. Rate of heat transfer
The co-efﬁcient of heat transfer can be calculated in non-
dimensional form at the plate, which is generally known as
Nusselt number as follows:
Nu ¼ @h
@y
 
y¼0
¼ h10ð0Þ þ Ech11ð0Þ ð23Þ4. Results and discussion
In order to assess the effects of the dimensionless thermo phys-
ical parameters on the regime calculations have been carried
out on velocity ﬁeld, temperature ﬁeld, induced magnetic ﬁeld
for various physical parameters like magnetic parameter, Pra-
ndtl parameter, magnetic ﬁeld parameter. The results are rep-
resented through graphs in Figs. 2–4.
Fig. 2 depicts the effects of magnetic parameter on induced
magnetic ﬁeld. From this ﬁgure it is noticed that there is a fallin induced magnetic ﬁeld as the magnetic parameter increases.
A similar effect is observed from Fig. 3 in the case of magnetic
Prandtl number. For all the cases of magnetic parameter and
magnetic Prandtl number, induced magnetic ﬁeld remains neg-
ative. This indicates that the induced magnetic ﬂux reversal
arises for all distances into the boundary layer, and transverse
to the plate. It is also noticed that induced magnetic ﬁeld peaks
a short distance from the plate, and then decays to be zero in the
free stream. In these ﬁgures, the values ofmagnetic Prandtl num-
ber are set to be less than a unity, which implies that themagnetic
diffusion rate exceeds the viscous diffusion rate.Whenmagnetic
Prandtl number increases, the momentum diffusivity increases.
Themagnetic ﬁeld diffuses in themedium causing a correspond-
ing increase in the induced magnetic ﬁeld magnitudes.
Fig. 4 shows the magnetic parameter effect on velocity, it is
seen that there is fall in velocity asmagnetic parameter increases.
This is due to the application of transverse magnetic ﬁeld, which
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Fig.4 Velocity proﬁles for different M when Pr = 0.71,
Prm = 0.1; Ec = 0.001; Gr= 5, Q= 0.1.
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Fig. 5 Velocity proﬁles for different Prm when Pr = 0.71;
M= 0.25; Gr= 5, Q= 0.1.
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Fig. 6 Temperature proﬁles for different values of Prm.
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Fig. 7 Temperature proﬁles for different values of Q.
Table 1 Skin-friction for cooling of the plate (Gr> 0).
Pr Prm Ec M Gr Skin-friction
0.71 1.0 0.001 0.25 10.0 17.9977
7.00 1.0 0.001 0.25 10.0 2.5799
0.71 2.0 0.001 0.25 10.0 4.4052
0.71 3.0 0.001 0.25 10.0 1.2976
0.71 3.0 0.005 0.25 10.0 1.0599
0.71 3.0 0.001 0.25 10.0 1.2207
0.71 3.0 0.001 0.5 10.0 1.6311
0.71 3.0 0.001 0.25 10.0 4.6209
0.71 3.0 0.001 0.25 20.0 1.8074
Table 2 Skin-friction for heating of the plate (Gr< 0).
Pr Prm Ec M Gr Skin-friction
0.71 1.0 0.001 0.25 10.0 19.4686
7.00 1.0 0.001 0.25 10.0 0.05894
0.71 2.0 0.001 0.25 10.0 4.3102
0.71 3.0 0.001 0.25 10.0 4.5073
0.71 3.0 0.005 0.25 10.0 1.0279
0.71 3.0 0.001 0.25 10.0 1.2240
0.71 3.0 0.001 0.5 10.0 1.6885
0.71 3.0 0.001 0.25 10.0 4.5073
0.71 3.0 0.001 0.25 20.0 1.78059
Table 3 Nusselt number.
Pr Prm Ec M Gr Nusselt number
0.71 1.0 0.001 0.25 10.0 0.7103
7.00 1.0 0.001 0.25 10.0 7.1386
0.71 2.0 0.001 0.25 10.0 5.2208
0.71 3.0 0.001 0.25 10.0 7.6742
0.71 2.0 0.002 0.25 12.0 16.5323
0.71 2.0 0.001 0.25 12.0 7.85361
Heat transfer effects on a viscous dissipative ﬂuid with induced magnetic ﬁeld 337in turn acts as a Lorentz force that retards the ﬂow. Fig. 5 dis-
plays magnetic Prandtl number (Prm) effect on the velocity ﬁeld,
it is noticed that there is a fall in the velocity as magnetic Prandtl
number increases. Fig. 6 depicts the effect of magnetic Prandtl
number on temperature distribution. This ﬁgure reveals that
Table 4 Comparision of values of the induced magnetic ﬁeld with Ahmed [6] at the absence of magnetic dissipation and Heat source,
when Prm = 0.20, Gr= 5.
Results of Ahmed Results of present study
y M= 0.25 M= 0.50 M= 1 M= 2 M= 0.25 M= 0.50 M= 1 M= 2
0.2 0.1596 0.04986 0.4301 4.4498 0.1603 0.0505 0.4278 4.5664
0.4 0.1636 0.0925 2.2468 3.4998 0.1642 0.0939 0.2479 3.4558
0.6 0.1311 0.0825 0.1902 2.7886 0.1312 0.0832 0.1903 2.7948
0.8 0.1135 0.0685 0.1542 2.2838 0.1137 0.0690 0.1543 2.2840
1.0 0.0925 0.0556 0.1256 1.8678 0.0932 0.0566 0.1261 1.8694
338 M.C. Raju et al.temperature increases when Prm increases. In Fig. 7, variations
in temperature are shown, from this ﬁgure it is noticed that tem-
perature increases with an increase in heat source parameter.
Variations in Skin friction are shown in Tables 1 and 2 for the
cases of heating and cooling respectively, for different values
of various physical parameters. From these tables it is noticed
that, Skin friction increases with an increase in Prandtl number
Pr, where as it shows reverse effect in the case of magnetic Pra-
ndtl number, Eckert number, Magnetic parameter and grashof
number. InTable 3,Nusselt number is studied. From this table it
is observed that Nusselt number decreases with an increase in
the values of Prandtl number and Grashof number, whereas it
shows opposite reaction in the case of magnetic Prandtl number
and Eckert number. For the validity of our work we have com-
pared our results with the existing results of Ahmed [6,9] at the
absence of magnetic dissipation and heat source. Our results
appears to be in good agreement with the existing results (see
Table 4).
5. Conclusions
A theoretical analysis is performed to study induced magnetic
ﬁeld effects on free convection ﬂow of dissipative ﬂuid past a
vertical plate. The coupled nonlinear partial differential equa-
tions are solved by Perturbation technique and the effects of
various physical parameters like, magnetic parameter (M),
Prandtl parameter (Pr), Eckert number (Ec), Grashof number,
Skin friction and rate of heat transfer on velocity ﬁeld, temper-
ature ﬁeld, induced magnetic ﬁeld and have been presented
through graphs and tables. It is observed that with an increase
in magnetic ﬁeld parameter (M), velocity decreases for both
water (Pr = 7.0) and air (0.71). It is seen that there is fall in
induced magnetic ﬁeld (H) as magnetic Prandtl number
(Prm), heat source parameter (Q) and magnetic ﬁeld parameter
(M) increases. The present study is conﬁned to only Newto-
nian ﬂuids and therefore it can be used in all steady state trans-
port Phenomenon especially in electric power generation and
distribution.
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